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C*-EXTREME POINTS IN THE GENERALISED
STATE SPACES OF A C*-ALGEBRA

DOUGLAS R. FARENICK AND PHILLIP B. MORENZ

ABSTRACT. In this paper we study the space Sg(A) of unital completely pos-
itive linear maps from a C*-algebra A to the algebra B(H) of continuous
linear operators on a complex Hilbert space H. The state space of A, in this
notation, is Sg(A). The main focus of our study concerns noncommutative
convexity. Specifically, we examine the C*-extreme points of the C*-convex
space Sg(A). General properties of C*-extreme points are discussed and a
complete description of the set of C*-extreme points is given in each of the fol-
lowing cases: (i) the cases Sg2(A), where A is arbitrary ; (ii) the cases Scr(A),
where A is commutative; (iii) the cases Scr (M), where M)y, is the C*-algebra
of n X n complex matrices. An analogue of the Krein-Milman theorem will
also be established.

INTRODUCTION

Since their introduction in the paper [16] of Stinespring, there has been contin-
ued interest in completely positive maps on C*-algebras and their uses in the theory
of operator algebras and mathematical physics. In the seminal work [1] of Arve-
son, where a substantial development of the theory and applications of completely
positive maps is presented, considerable attention is paid to the affine structure
of the convex cone formed by these maps. The convexity properties of this cone
were studied even further in several subsequent papers [3], [6], [7], [11], [15], [18],
[19], and the present paper continues along these lines. We shall concentrate on
a particular set of completely positive maps and follow Smith and Ward [15] in
calling this set a “generalised state space.” Specifically, given a unital C*-algebra
A and a fixed Hilbert space H, the generalised state space Sy (A) of A is to be the
set of all unital completely positive maps of A into B(H), the algebra of bounded
linear operators on H. In this notation, the usual state space of A is denoted by
Sc(A4), and so it is appropriate to view the generalised state spaces of a C*-algebra
as a “quantization” of its ordinary state space.

The term noncommutative convexity refers to any one of the various forms of con-
vexity in which operator-valued convex coefficients are assumed, and C*-convexity
is one of these forms. Two recent and very closely related notions, both of which are
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relevant to the present paper in connection with completely positive maps and du-
ality, are those of C'P-convexity in generalised quasi-state spaces [9] and quantum-
convexity in matrix-ordered spaces [6]. In contrast to previous works [7], [8], [10],
[13], [14], where the study of C*-convex sets has been carried out in the context of
C*-algebras themselves rather than within their state spaces, the principal objec-
tive of the present paper is to describe the structure of those completely positive
maps that are C*-extreme points among all elements in the generalised state space.

To begin with, let us establish what is meant by a C*-convex space of completely
positive maps and by the C*-extreme points of these spaces. Observe that any C*-
convex combination of n completely positive maps ¢; : A — B(H), which by
definition is an operator-valued convex combination of the form

thtpi(-)ti , where each t; € B(H) and Zt;‘ti =1,
i=1 i=1

produces yet another a completely positive map A — B(H ); moreover, if each ¢;
is unital, then so is Y., tf¢;t;. Being closed under the formation of C*-convex
combinations of their elements, generalised state spaces are, therefore, C*-convex
sets. The natural topology on Sg(A) is the bounded-weak-topology, and with
respect to this topology, Si(A4) is a compact space [1]. A generalised state ¢ €
SH(A) is a (linear) extreme point of Sy (A) if, whenever

= Z)\i% such that p; € Sg(A4), A; € (0,1) CR for all ¢, and Z)‘i =1,
i=1 i=1

then ¢; = ¢ for all 4. Following the ideas of Loebl and Paulsen [13], an element
¢ € Sy (A) is a C*-extreme point of Sy (A) if, whenever

n n
o= thtpiti such that p; € Sy (A), ti_l exists for all ¢, and Zt;‘ti =1,
i=1 i=1

then (; is unitarily equivalent to ¢ for all 7. (What is meant by saying that ¢
is unitarily equivalent to 4 is that there is a unitary uw € B(H) for which ¢(-) =
u*1(-)u; the unitary equivalence of two generalised states is denoted by ¢ ~ 1.)
A C*-convex combination of completely positive maps for which every C*-convex
coefficient t; is invertible will be called proper, in analogy to the usual notion of
a proper convex combination (where all the convex coefficients are nonzero). We
will denote the group of operators invertible in B(H) by GL(H) and the sets of
extreme and C*-extreme points of Sy (A) by extSy(A) and C*-extSy(A).

With the 1-dimensional Hilbert space H = C, the C*-extreme points of the state
space are exactly the same as the extreme points, because in this particular case
there is no difference in the notions “convexity” and “C*-convexity.” With Hilbert
spaces of higher finite dimension, we will prove that every C*-extreme point of
Su(A) is an extreme point as well. However we will demonstrate further that
the set of C*-extreme points is smaller, has more structure, yet is still sufficiently
large to generate a C*-convex subset that is dense in Sy (A). When H is infinite-
dimensional, much less is known; it has not even been determined, for example,
whether C*-extreme points are necessarily extreme.
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In the course of this paper we will prove the following theorem, which illustrates
the sort of structure that C*-extreme points enjoy. More detailed results will be
described in later sections of the paper.

Theorem. Suppose that H has finite dimension and that ¢ € Sy(A) is a C*-
extreme point. Then ¢ is block-diagonal and the diagonal blocks are pure maps;
that is, there is a decomposition H = Hy & - - - ® Hy, pure unital completely positive
maps p; : A — B(H;), and a unitary v € B(H) such that with respect to this
decomposition of H, u*p(x)u = ¢i(z) ® pa(x) ® --- & pi(z), for every x € A.
Furthermore, if A is commutative, then ¢ is C*-extreme in the generalised state
space Sg(A) if and only if ¢ is a unital x-homomorphism.

It is worthwhile to remark on one aspect of the theorem above. If A is a commu-
tative C*-algebra, it is known from the work of Arveson [1] that S (A) has extreme
points that are not multiplicative; it is, therefore, rather striking how closely the
C*-extreme points of Sy (A) reflect the extremal states of A (given that the ex-
tremal states of A are the x-homomorphisms A — C). Thus, the theorem above
lends weight to the view that Sg(A) really is a quantized state space, and that
C*-extreme points are the appropriate extreme points for this space.

The organisation of this paper is as follows. Some sufficient conditions for a
completely positive map to be C*-extreme are presented in §1. In §2 we make
a close study of Sy (A) for finite-dimensional H, obtain the main decomposition
theorem, and apply this result to a number of special cases, including the case of
commutative C*-algebras. A method for constructing C*-extreme points from a
single pure completely positive map is developed in §3. This construction is the
basis for the proof of a generalised Krein-Milman theorem, which shows that there
are enough C*-extreme points to determine S (A), and for the classification of the
C*-extremal generalised states on full matrix algebras given in §4. The final section
of this paper describes how our work stands in relation to the work of other authors
on this subject.

We would like to thank Sze-Kai Tsui and Hongding Zhou for very useful discus-
sions concerning the subject of this paper.

2. EXTREME POINTS AND C*-EXTREME POINTS: SOME SUFFICIENT CONDITIONS

By the theorem of Stinespring [16], every completely positive map ¢ : A — B(H)
has a decomposition of the form ¢(-) = v*7(-)v, where 7 is a *-representation of A
on a Hilbert space H, and v : H — H is a bounded linear operator. (The operator
v is an isometry if ¢ is unital.) Moreover, all minimal decompositions, that is, those
decompositions for which the closed linear span [r(A)v(H)] of 7(A)v(H) is dense
in H,, are unitarily equivalent.

There is a natural partial order on completely positive maps whereby ¥ < ¢, for
a pair of completely positive maps ¢ and ¢, if ¢ — 9 is completely positive. The
notion of a pure completely positive map is suggested by that of a pure state: a
completely positive map ¢ is pure if the only completely positive maps 1 for which
1) < ¢ are those of the form ¢ = A\p for some A € [0,1] C R. An important tool for
the analysis of completely positive maps is the following theorem of Arveson.

A Radon-Nikodym-type Theorem ([1, 1.4.2]). In the cone of completely pos-
itive maps A — B(H), suppose that ¢ has a minimal decomposition ¢ = v*mv.
Then ¢ < @ if and only if there exists a (uniquely determined) positive contraction
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h in the commutant w(A) of m(A) such that ¥(z) = v*hr(z)v for every x € A.
Moreover, ¢ is pure if and only if ® is irreducible.

A complicating factor is that, unlike the state space, generalised state spaces
need not possess pure elements. Take, for example, a commutative C*-algebra A.
Irreducible representations of A take place on Hilbert spaces of dimension 1; if H is
of dimension greater than 1, then there are no isometric maps of H into the Hilbert
space on which the irreducible representation of A acts and therefore there are no
elements of Sy (A) that are pure.

Arveson solved a number of extremal problems concerning the cone of completely
positive maps. In particular, for the compact convex subset Sg(A) of this cone he
obtained a complete and very useful characterisation of the set extSy (A) of extreme
points of Sy (A).

Extreme Point Theorem ([1, 1.4.6]). Suppose that ¢ € Sy(A) has a minimal
decomposition ¢ = v*mv and let C : w(A)" — B(v(H)) be the map C(z) = pz|,
where p € B(H;) is the projection with range v(H). Then ¢ is an extreme point of
Su(A) if and only if C is an injection.

The condition that C be injective (in the theorem above) is equivalent to saying
that “the range of v is a faithful subspace of the von Neumann algebra 7w(A)"” [1].

In the present paper, we shall make extensive use of the following consequence
of the Extreme Point Theorem: if H has finite dimension and if ¢ = v*7v is
an extreme point of Sy (A), then m(A)" has finite dimension. In such cases, the
representation 7m has a decomposition as a direct sum of finitely many irreducible
representations of A.

The first proposition describes the manner in which extreme points and C*-
extreme points are related. It is not known whether the conclusion of Proposition
1.1 remains true if H is taken to be a Hilbert space of infinite dimension.

Proposition 1.1. Suppose that ¢ is a C*-extreme point of Sy(A). Denote the
ideal of compact operators on H by K(H). If for some x € A, p(x) € K(H)+ C1
and is irreducible, or if (x) € K(H) + C1 for every x € A, then ¢ is an extreme
point of Sg(A). In particular, if H has finite dimension, then C*-ext Sy(A) C
extSH(A).

Proof. We begin with the latter assertions. If p(A) C K(H) + C1, then ¢(z) is an
extreme point of the convex hull of its unitary orbit [12] for every € A. Thus, if the
C*-extreme point ¢ is expressed as a proper convex combination ¢ = pu+ (1 —pu)0,
then ¢ ~ 1 ~ 6 implies, pointwise, that p(z) ~ ¥ (z) ~ 0(x), and so ¢(x) is a proper
convex combination of elements from its unitary orbit; hence, p(x) = ¥ (z) = 6(x),
for every © € A. In the case that H has finite dimension, B(H) = K(H) and so
C*-extSy (A) C extSy (A)

To establish the first assertion, assume that ¢ is a C*-extreme point with the
property that ¢(z) € K(H) + C1 and is irreducible. Suppose that ¢ is expressed
as a proper convex combination ¢ = p + (1 — )0 with ¢,0 € Sy (A). Then there
exist unitaries u,w € B(H) such that ¢y = u*pu and § = w*pw. Hence, () is
a convex combination of operators unitarily equivalent to it. By the arguments of
the first paragraph, we have that u*p(xz)u = ¢(z). Therefore, p(x) commutes with
u and hence with the spectral projections for u. But ¢(z) is irreducible and so u
must be a scalar multiple of the identity, whence ¢ = ¢ and similarly § = . 0O
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We continue now with some examples of C*-extreme points. An “inflation” of a
pure state is a map A — B(H) of the form x — ¢(z)1, where ¢ : A — C is a pure
state. Condition (3) below is motivated by the idea of v(H) being faithful for 7w(A)’
in the Extreme Point Theorem; however “invariance” is a much stronger property.

Proposition 1.2. Fach of the following conditions is sufficient for a unital com-
pletely positive map ¢ : A — B(H) to be C*-extreme and extreme in Sy (A):

(1) that ¢ be the inflation of a pure state;
(2) that ¢ be multiplicative;
(3) that v(H) be invariant for the commutant w(A)’, where p = v*7v is a minimal
decomposition of ¢;
(4) that ¢ be pure.
Moreover, it follows from condition (1) and from the existence of pure states that
every generalised state space has C*-extreme points.

Proof. 1. Suppose that v is a pure state and let ¢ : A — B(H) be its inflation.
Suppose that ¢ = Zle trpit; is a representation of ¢ as a proper C*-convex
combination of ¢; € Sy (A). Each unit vector £ € H induces k states wf on A via
the definition 1/)5(:1:) = ||t:€]|72(ps (7)t:€, 1:€), and 1) is a proper convex combination

of the 95:

k
P(z) = (p(r)€, &) = Z It€lPyf (@), z€ A

But as 1) is pure, we must have ¢ = z/)f for every i. We will prove that ¢; = ¢ for
every i. Fix ¢ and let x € A be arbitrary. If n € H is any unit vector, then there
exists a unit vector £ € H so that n = ||t;£]|7*t;€. Hence

(p(@)n,m) = b(x) = ¥5 (x) = (pa(@)n, m).
As this is true for all unit vectors n € H, we have @;(x) = ¢(z). Thus, ¢ is
C*-extreme and, evidently, extreme in Sy (A).

2. Suppose that ¢ is multiplicative and that ¢ = ), tfp;t; expresses ¢ as a
proper C*-convex combination of elements of Sy (A). Because ¢ is a representation
of A on H that is nondegenerate, the minimal Stinespring decomposition of ¢
is trivial. Therefore, the inequality ¢¢;t; < ¢ implies that there exist positive
contractions h; € m(A)" such that tfp;t; = hip. Thus, 1 = ¢;(1) = ¢(1) and

1 1
@i = (h2t;7)*(h2t; 1) imply that o; ~ ¢ for every i. It is already known that
multiplicative maps are extreme points [17].

3. Assume that ¢ satisfies condition (3) and that ¢ = . t¥p;t; is a represen-
tation of ¢ as a proper C*-convex combination of ¢; € Sy(A4). From tfp;t; < ¢
and the Radon-Nikodym theorem, there exist positive contractions h; € m(A)" such

1
that ¢fp;t; = v*h;mv. Let s; = v*h?v. Because v(H) is invariant for m(A)’, the
projection vv* commutes with 7(A)’. This means, in particular, that the operators
1
s; satisfy vs; = h?v. In addition,
si = (52)% = (v*hw)? = (tt;)* € GL(H).

Thus,

1 1
* g *7 3 3 * ok ) * )
tipiti =v hTh v = s;v™TVS; = S;PS;
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and
_ —1\x* —1 _ —1\* —1
i = (sit; ) @(sity "), o= (tis; ) piltis; ) -
All that remains to prove is that s;t; * is unitary. From 1 = ¢(1) = ¢;(1) we have
that siti_l is an isometry and that 1 = (tisi_l)*(tisi_l). In passing to inverses in
this last equation we obtain (s;t; )(s;t;')* = 1 and therefore s;¢; * is unitary.

To prove that ¢ is an extreme point of Sy (A), we need only show that v(H) is a
faithful subspace for the commutant 7(A)" (i.e., to show that the compression map
C is injective — see the Extreme Point Theorem). Now since the range of v is cyclic
for w(A), it is also cyclic for the double commutant 7(A)"; hence, v(H) is separating
for 7(A) (i.e., z € w(A)’ is zero whenever the compression of z*z to v(H) is zero).
To show that C is injective, assume that the compression of z € w(A)" to v(H) is
zero. Because v(H) reduces w(A)’, the compressions of z* and, consequently, z*z
to v(H) are zero. Hence z = 0 from the fact that v(H) is separating for 7(A)’ and
so C is injective.

4. If ¢ is pure and if the minimal decomposition of ¢ is given by ¢ = v*mv, then
m is irreducible and [v(H)] is plainly invariant for 7(A)’ 22, C. Thus, the pure map
 fulfills condition (3) above. |

Example 1. With two examples we demonstrate here, first of all, how a map as
in (3) in Proposition 1.2 arises and, secondly, how a direct sum of pure maps can
fail to be C*-extreme.

On the full matrix algebra M,,, each of the n maps ¢; : M,, — C that sends
x € M, to the i-th diagonal element x;; of x is an extreme point of the state space
of M,,. In fact these states are vector states p;(x) = (2&;,&;), where &1,&,...,&,
denote the canonical orthonormal basis vectors of C™. Consider the C*-algebra
A = My & M; and the generalised state ¢ : A — M given by

N T Tz o (33) ) = 1 (z11 + 233 211 — 233
Ta1 T2z 2 \z11 —x33 a1 +a33)
The minimal Stinespring decomposition of ¢ is p(x) = v*w(x)v, where 7 is the
inclusion identity 7m(x) = x of A — B(C3) and where the isometry v : C2 — C3 is

A matrix calculation verifies that the projection p = vv* onto the range of v com-
mutes with the algebra 7(A)’, which means that the range of v is invariant for
m(A)" and so, by Proposition 1.2, ¢ is a C*-extreme point of the generalised state
space Scz(A).

Consider now this same example from a second point of view. The range of ¢ is
a commutative manifold, unitarily equivalent to a 2-dimensional diagonal algebra.
More precisely, for every x € A,

o(z) = 1 (w1423 w11 —as3) _ o (P 0,
2 \@11 — w33 11+ T33 0 @) '
where u € My is the unitary v = 1/y/2 (1 _11) Thus, ¢ is (unitarily equivalent

to) a direct sum of two pure states on A, namely = +— z1; and = — x33. What
makes such a direct sum C*-extreme in the state space Sgz(A) is that these two
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pure states arise as compressions of “nonequivalent” irreducible representations of
A, namely the irreducible representations m(z) = <x11 x12> and mo(x) = x33
21 %22
(which are clearly nonequivalent).
In general, however, a direct sum of pure maps or states need not be C*-extreme
or even extreme. Consider, for example, the following direct sum of pure states:

the map ¢ : My — M defined by
T11 0
0 o)’

T11  T12
—
T21  T22

For every x € Moy,

o(z) = (*1 0)_1(zun 2 " L /lzn  —x2
0 o2 2 \T21 22 2 \—T21 T2
1. 1/1 0 1 0
= §1d(:1:) + 3 <0 _1) x (0 _1)
1. 1
= §1d(:1:) + 59(1:) ,

where

9(95):((1) —()1)”5((1) —01)'

As @ is a nontrivial convex combination of id and 6, ¢ is neither extreme nor
C*-extreme in the space Sz (M3). O

The example above motivates the following definition and the proposition that
follows. The proposition confirms that the simplest way to construct C*-extreme
points as direct sums of individual pure maps is through the use of mutually disjoint
summands.

Definition. If ¢; € Sy, (A) is pure and has minimal decomposition ¢; = v}mv;
for 1 <i < k, then we say that @1, ...,y are disjoint if the (irreducible) represen-
tations 7y, ..., of A are mutually nonequivalent.

Proposition 1.3. If p; € Sy, (A) is pure for 1 < i < k, and if p1,...,pr are
disjoint, then 1 @ - -+ @ @i is a C*-extreme point of Sy (A), where H = ZfB H;.

Proof. Let ¢ = 3.9 ¢; so that ¢ € Sy(A). In B(H), let qi,...,q, denote the
projections ¢; : H — Hj. Suppose that ¢ = vm;v; denotes the minimal decompo-
sition of each pure map ¢; € S, (A) (so viv; =identity on H;). Let Hy = S0 H,,
and let v : H — H, be the isometry defined by v{ = ZZ@ v;q;¢, € € H. Finally,
let 1 =7 & .- ® g, a representation of A on H,. Because the representations
m, ..., T are mutually disjoint, the decomposition of ¢ as v*7v is a minimal one
(for further details, see the proof of [1, 1.4.9]) and, moreover, m(A)’ =, C*. Clearly
v(H) is invariant for m(A)" and so by Proposition 1.2 it follows that ¢ is a C*-
extreme point of S (A). |

2. STRUCTURE OF C*-EXTREME POINTS

We prove below that for finite-dimensional H the C*-extreme points of Sp(A)
have a block-diagonal structure.
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Theorem 2.1. If H has finite dimension, and if ¢ is a C*-extreme point of Sy (A),
then ¢ is the direct sum of pure completely positive maps. Specifically, there exist
finitely many subspaces H; C H and generalised states p; € Sy, (A) such that

(1) @, is pure for each i, and
(2) H=YYH, and o ~ 37 ¢

Proof. Because C*-ext Sy (A) C ext Sy (A), it follows from the extreme point the-
orem that 7 has a finite decomposition: that is, there exist finitely many irreducible
representations mq, - - , 7, of A on subspaces L; C H, such that H, = ZEB L; and
= ZEB m;. Let v; denote the operator that projects v€ into L; for every £ € H.
Express each v; in its polar form: v; = w;a; for some positive operator a; € B(H)
and partial isometry w; : H — H, such that w;(H) C L; and kerw; = kera,. If
we set 1; = w;mw;, then we may write ¢ as a C*-convex combination of the pure
completely positive maps ; via

k k
2
Y= E a;Ypiag, E a; =1.
=1 =1

By the minimality of the decomposition ¢ = v*7v, the integer k is the least possible
of all of the integers j for which ¢ can be expressed as a C*-convex combination of
elements of {¢; : 1 < i < k} using j summands. At this point, we now adapt the
techniques of [8, 4.1] for manipulating matrix-valued C*-convex coefficients to the
case at hand. That the arguments used in the proof of Theorem 4.1 of [8] apply here
is owing to the fact that the manipulations performed involve only the coefficients
a; — not the summands v; — with the possible exception of an alteration of some
of the 1; by a unitary equivalence transformation, which we allow. The methods
used in (8, 4.1] and applied here show that for every real number X € [0, 1],

© ~ t(A)0"t(N) + s(A)"Ors(N),
where

(i) 9”,9)\ S SH(A),

) HA)TEHA) +5(A)7s(A) =1,
iii) t(A),s(A\) € GL(H) for every A € (0,1),

) 6, is a C*-convex combination of 11 and %y, where 1)y is a C*-convex combi-
nation of the ;, for j > 2, and where the coefficients used to obtain 0, are
continuous functions of A,

(v) 1 = quqn + 2122 s;isi, where ¢f = q1 = Q%vql =+ 2122 s;si = 1, and

¢1(H) L s;(H) for all ¢ > 2.
Having expressed ¢ as a proper C*-convex combination of #” and 6, for those
A € (0,1), it follows that there exist unitaries uy € B(H), indexed by A € (0,1),
such that ¢ = u30,uy. Suppose now that € > 0. Because ¢, depends continuously

on A, there exists A € (0,1) such that ||@y — 01|| < e. Hence, for every x € A of
norm ||z|| < 1,

() — ulba(@)ua]| = llo() — uibr(@)us + u3br(@)us — w30 ()|
= Jlu} (9r(2) — 61 (@)
<1165 — 6] lal| < c.
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Thus, ¢ = limy— u3f1u) and so by the compactness of the unitary group, there
exists a unitary u € B(H) satisfying ¢ = u*61u. Consequently,

o~ =qiiq + Z 5718,
i>2

As in the proof of Theorem 4.1 in [8], an exhaustion of this process leads to

k
P~ Z 4iYid,
i=1

where the ¢;’s are mutually orthogonal projections summing to the identity. This
gives a “block diagonal form” for ¢: let H; = ¢;(H), so that H = 3.7 H;, and
observe that from 1 = ¢(1), the compressions ¢;1;(-)|,, must also be unital. In
defining ¢; € Sg, (A) to be

|H¢

¢i(x) = qiw; mi(2)wi,,
we have that ¢, is pure — because 7; is irreducible — and that ¢ ~ ZfB Vi |

At this point a few applications of Theorem 2.1 are within easy reach. Our first
use of the theorem gives a complete characterisation of the C*-extreme points of
Sp(A) in the case where A is abelian and H is finite-dimensional. The theorem
below includes, for the sake of comparison, Arveson’s description of the extreme
points of this particular space.

Proposition 2.2. Suppose that X is a compact Hausdorff space and that H has
finite dimension. Every extreme point ¢ of Sy (C(X)) has the form

k
o) = fahs,  feC(X),

where x1, ..., x, € X are distinct, the operators h; > 0 sum to 1, and {h;(H)}; is a
weakly independent family of subspaces. Every C*-extreme point ¢ has the form of
an extreme point, but with the stronger property that the positive operators hy, ..., hy
are projections (with mutually orthogonal ranges); i.e., there exists a unitary u €
B(H) such that for oll f € C(X),

el
T2 1n2
uw o(flu =

Moreover, ¢ is a C*-extreme point if and only if ¢ is a unital *-homomorphism.

Proof. The statement concerning the extreme points is taken from [1, 1.4.10] of
Arveson.

Unital *-homomorphisms A — B(H) are C*-extreme in Sy (A), independent of
any specific assumptions on A or H (Proposition 2).

Conversely, if ¢ € C*-extSy(C(X)), then ¢ is unitarily equivalent to a direct
sum of pure completely positive unital maps ¢;. Because C'(X) is commutative,
these pure maps must be characters on C'(X) and so they have the form ¢;(f) =
f(z;) for some z; € X. If some characters appear more than once, collect them
(i.e., inflate them) so that only distinct z; are left. The result is that ¢ has the
stated form. Plainly, ¢ is a unital *-homomorphism. |
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With Theorem 2.2 in hand, the following example shows that Theorem 2.1 does
not hold if H has infinite dimension.

Example 2. There exists a commutative C*-algebra A and an infinite-dimensional
Hilbert space H such that Sp(A) has C*-extreme points that are not multiplicative.
In particular, consider the commutative C*-algebra C(T) of 27-periodic continuous
functions R — C. If m denotes normalised Lebesgue measure on the unit circle
R/27Z = T, then let 7 be the representation of C(T) on the Hilbert space L(T,m)
that sends f € C(T) to the operator My of multiplication by f. Let H = H?(T,m),
the Hardy space of T; so H is the closed subspace of L?(T,m) that is generated
by the analytic trigonometric polynomials (an analytic trigonmetric polynomial is
a linear combination of the functions f,(0) = ¢™¥ for n > 0). Now let v : H —
L?(T,m) be the inclusion map. The completely positive map ¢ : C(T) — B(H)
given by

o(f) =puMil|n ,

where pg is the projection L?(T,m) — H, has v*7v as its minimal decomposition.
Arveson has shown in [1, p.164] that ¢ is an extreme point of Sy (C(T)). We prove
here that ¢ is in fact a C*-extreme point.

Suppose that ¢ is a proper C*-convex combination of ¢; € Sy (C(T)). Let z
denote the function z(f) = . Then (z) is the unilateral shift operator on the
Hardy space and is expressed as a proper C*-convex combination of contractions
©i(z). But isometries are C*-extreme points of the closed unit ball of operators
on Hilbert space [10] and so ¢;(z) ~ ¢(z) for each i. Each ¢;(2) is, therefore, an
isometry; hence,

ei(2%)pi(2) =1 = i(1) = pi(2"2) .
The above equation is a case of equality in the Schwarz inequality and thus from [4,
4.3] we have for each i that m;(2)v; = v;p;(z), where p; = vim;v; denotes a minimal
decomposition. Indeed it follows that m;(q)v; = v;p;(q) for every analytic trigono-
metric polynomial gq. Therefore, if u; € B(H) denotes the unitary that implements
the equivalence ¢;(z) ~ (z), then for every i and every analytic trigonometric
polynomial ¢, ;(q¢) = ufep(q)u;. Finally, because the system {p + ¢* : p,q are
analytic trigonometric polynomials} is uniformly dense in C(T), by the Weierstrass
Approximation Theorem, we have that ¢;(f) = ufe(f)u; for each i and every
f € C(T). That is, ¢ is a C*-extreme point of Sy (C(T)). That ¢ is not multiplica-
tive follows from the fact that M, is unitary but the unilateral shift operator ¢(z)
on the Hardy space is not. O

Theorem 2.1 leads also to a description of the C*-extremal states in Scz(A).

Theorem 2.3. A unital completely positive map ¢ : A — My is a C*-extreme
point of Scz(A) if and only if ¢ is

a. a pure map,

b. an inflated pure state, or

c. unitarily equivalent to the direct sum of two disjoint pure states.

Proof. Propositions 1.2 and 1.3 show that the three types of maps described are
all C*-extreme points. Conversely, assume that ¢ is a C*-extreme point of Scz(A)
but that ¢ is not one of a,b,c. Because statement (a) is not true of ¢, then by
Theorem 2.1 above, ¢ ~ 1 ® o for some pure states ¢1,p2 on A. Because
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statement (c) is not true, ¢1 and @2 must be compressions of unitarily equivalent
representations; without loss of generality, we may assume that there is a single
irreducible representation 7 of A on a Hilbert space H, and unit vectors &1,&s € H,
cyclic for w(A), such that, for each i, ¢;(z) = (7(x)&;,&;) for every x € A. Because
(b) is not true, & and & must be linearly independent. Hence, the mappings
wi,ws : C2 — H, given by

wi(are1 + aze) = 272 (1€ + azy)
and
wa(arer + azes) = 272 (1€ — azy)

are one-to-one and satisfy wimw; + wiTws = @1 ® p2. Let w; = v;a; be the polar
decomposition of each w;; here, v; is an isometry and a; € M, is positive and
invertible. From a? + a3 = 1 and
2

> ai(viTvi)ai = 1 © o

i=1
it follows, as p1 @ @2 is a C*-extreme point, that ¢; @ 2 ~ viTV ~ V37TVy; that
is, 1 @ 2 is pure, which it is clearly not. In light of this contradiction, ¢ must be
one of a,b,c. O

Example 3. Sc2(M3). There is only one irreducible representation of My (up
to unitary equivalence) and so by Theorem 2.2 a unital completely positive map
¢ : My — My is a C*-extreme point of Scz(Ms) if and only if ¢ is of the form
¢(x) = u*zu, for some unitary u € My, or is the inflation of a vector state on Ms.
O

Example 4. Sc2(K(H) + C1), where K(H) is the set of compact operators on a
separable infinite-dimensional Hilbert space H. For this C*-algebra, there are only
two distinct (up to unitary equivalence) irreducible representations of A, and so it
is straightforward to determine the C*-extreme points of ¢ € Scz(A). They are,
by Theorem 2.2,

a. (pure maps): all compressions x — (g?g; 8273), where £, € H are

orthogonal unit vectors;

b. (inflations of pure states): all maps x — ((x%’ ¢) (a:{o 5)), where £ € H is
a unit vector, and the *-homomorphism al + k& — als, where o € C and
ke K(H); and

c. (direct sums of disjoint pure maps): all maps al + k +— (g (z{o §)>, where

£ € H is a unit vector and z = al + k.
O

3. THE DIRECT SUM OF NESTED PURE MAPS

From Proposition 1.3 it is known that a direct sum of disjoint pure maps is one
way of constructing new C*-extreme points. In this section we indicate a much
different way of obtaining C*-extreme from pure maps, and from this construction
we will obtain a characterisation of C*-extScn»(M,,) (carried out in Section 4) and
an analogue of the Krein-Milman theorem.
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Suppose that v denotes either a positive integer, countable oo, or some larger
cardinal number, and let [?2(v) denote the sequence space C” if v is a positive
integer, the space [?(N) if v = 0o, and the space [2(Q) if Q is a set of cardinality v
strictly larger than the cardinality of N. If 7 is an irreducible representation of A
on a Hilbert space H,, then we may assume (via unitary isomorphism) that H is
the sequence space [?(v) for some v. Let {e; };’:1 denote the standard orthonormal
basis of 12(v) and let M, denote the C*-algebra of v x v matrices that represent
bounded operators on [2(v) with respect to the standard orthonormal basis. For a
positive integer m < v, let 7, : M, — M,, be the generalised (pure) state that
sends each x € M, to its leading m x m principal submatrix: explicitly, if z € M,,
then 7,,m () = ¢}, Tqv,m, where gy, : C™ — 1*(v) is the isometry

Qu.m = (61,62, .. .,em)

and where again {e;}%_; denotes the standard orthonormal basis of I*().

Now let A be a unital C*-algebra and let 7 be a fixed irreducible representation
of A on the Hilbert space [?(v). Suppose that v > ny >ng > - > ng (n1,...,n%
are positive integers) and r = ny +- - -+ nyg, and let ¢ : A — M, be the generalised
state

o(x) =Tyn, o(T) B Typ, om(T) B+ BTy, om(x), forxe A.

The minimal Stinespring decomposition of ¢ has the form ¢ = w*m,w, where 7y is
the representation of A on [?(v) ® C* given by 71, (z) = 7(z) @ - - - ® 7(x) (k-times),
and where w : C" — [2(v) ® CF is the isometry

qv,n,

Qv,ny

Qu,ny

The commutant 7 (A)’ is *x-isomorphic to My; however we shall need to be more
precise: if h € mp(A)’, then h = (hi;1,)1<i j<k, where each h;; € C. (In contrast,

an element of the commutant of My & u*Mou, where u = (0 1), is of the form

1 0
als  Bu
("yu 61q
write elements h € 7, (A)" as 1, ® b/, where b’ = (h;j) € M},. From our information
concerning the structure of w and 7 (A)’, a straightforward matrix computation
shows that if h € 7 (A)’, then

) .) As B(Hx,) is precisely M, @ My, it will sometimes be convenient to

* . oAk
w*hw = (hwqwmq%m)g@jgk :

Observe that each g ,,.qv.n; is an n; X n; matrix with 1’s on the diagonal and zeros
elsewhere. The r x r matrix (q;n Qu.n; )1<ij<k is precisely Q*Q, where Q is the
v X r matrix

Q: (61,62,...76711,61,62,...,enz,...,61,62,...,67.%) .

For each 1 < i < v, let p; be the number of nonzero entries on row 7 of Q. The
nonnegative integers p; satisfy k = py > pa > --->0and >, p; = 7. Let p1,...,p,
be the positive integers in the chain pq, po,...; these will be called the commutant
compression-indices of p. Observe that the commutant compression-indices of ¢
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are determined from the compression-indices nq,...,n; of ¢, and that there are
only a finite number of them.

Lastly, if o is an element of the symmetric group Z, of permutations on r letters,
and if £, KC are linear subspaces of M,., then the notation £ ~, K is to mean that
K = {ptap, : a € L}, where p, is the unitary in M, that permutes the standard
orthonormal basis {£1,...,&.} of C" into the basis {{5(1), ..., & () }-

Lemma 3.1. With the notation established above, let py, ..., p, be the commutant
compression-indices of o = w*mpw. Then there is a permutation o € =, such that

w* (7 (A) )w ~o Th,py (M) © Thpy (Mi) @ -+ @ T, (M)
= Mk @ Tk)pZ (Mk) EB o @ TkxPu (Mk) *
Moreover, if h =1, @ h' € mp(A), then w*hw ~g I @ Tg p, (B') © -+ - © Tgp, (B').

Proof. Let BG = (V, ) be the bipartite graph affiliated with the v x r (0, 1)-matrix
Q. The vertex set V of BG is a disjoint union V = X U Y, where X has u vertices
a; (recall p is the number of nonzero rows of @) and Y has r vertices 3; (as Q
has r nonzero columns), and there is an edge {c;, 8;} € £ if and only if the (4, j)-
entry of ) is nonzero. So each §; is connected through a; to all the 3; for which
the (i,7)-entry of @ is nonzero. As each column of @ has exactly one nonzero
entry, we therefore obtain a decomposition of BG into its connected components
BGi,...,BG,, where each BG; is a bipartite graph with vertices and edges {as, 5;}
and where the j’s are the column positions of the nonzero entries on row i of Q.
Hence, the degree of the vertex «; in BG is precisely the degree of «; in BG; and is
equal to p;, the number of nonzero entries on row ¢ of Q.

Given that @ is a (0, 1)-matrix with precisely one nonzero entry in each of its
columns, the connected components of BG correspond to connected components
of the graph G of the symmetric matrix Q*@Q. Because Q*Q is an r X r matrix,
the graph G has r-vertices ; with the property that 5; is connected to 8y, in G if
and only if §; is connected to G, (through some unique «;) in the bipartite graph
BG. Thus G has p connected components Gi,...,G,, each with p; vertices, and
so standard graph/matrix theory says that Q*@ is permutationally-equivalent to a
direct sum of p matrices, each of size p; x p;. The permutation o € Z,. is determined
as follows. The first p; integers in {1,2,...,r} are sent by o to the indices of the
vertices §; connected to a; in BG: to be precise, if 1 = j1 < jo < --- < j,, are
the indices of the vertices §; connected to o (i.e. the nonzero entries on row 1 of
@ occur in column positions ji,...,j, ), then o(m) = j,, for 1 < m < p;. The
next po integers in {1,2,...,r} are sent by o, in a similar fashion, to the indices of
the vertices §; connected to s in BG. Continue in this manner until the final p,,
integers in {1,2,...,r} are sent by ¢ to the indices of the vertices §; connected to
o, in BG.

Now if h € m,(A)’, then the combinatorial structures (i.e. the graph structures)
of Q*Q = (¢, n,qwn; )1<ij<k and w*hw = (hijq} .. qu.n;)1<ij<k are the same, and
hence p%(w*hw)p,, like pEQ*Qp,, is a direct sum of p matrices, each summand
being a p; X p; matrix. Observe that along any row of w*hw the entries are zero
together with the entries coming from h: namely, hpmi, hm2, ..., Amp, for some m
and p;. By the definition of o, the first connected component G; of G has p; = k
vertices and this component determines the first direct summand, a k x k matrix, in
pi(w*hw)py: take the k x k principal submatrix of w*hw determined by the k rows
of @* @ that have k nonzero entries, together with the corresponding k columns. The
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relevant entries in each of these k rows are A1, Am2, - .., Amk, 1 < m < k. In other
words, the first summand is the k x k matrix »A’. The second connected component
G2 of G has py vertices; the associated pa X pa direct summand of p’ (w*hw)p, is the
p2 X pe principal submatrix of w*hw determined by the ps rows of @*@ that have
p2 nonzero entries, together with the corresponding columns. The relevant entries
in each of these rows are hy,1, Am2, ..., himp,, 1 <m < pa. Thus, the second direct
summand of p(w*hw)p, is T, p, (h'), the pa X p2 leading principal submatrix of 1.
By continuing with these arguments for each of the connected components of G, we
thereby have established the claim asserted in the statement of the lemma. O

Lemma 3.1 is perhaps best understood by considering an example. Let A = Mj
and suppose that ¢ : M5 — My is given by

r11 e I15 T11 oo I13
x T T T
N : : @ 11 12 @ 11 12 ® (xll) )
: : T21  X22 T21 22
I51 SN I55 I31 NN I33
That is, 7 is the identity and ¢(z) = 753(x) ® 75.2() ® 75.2() ® 75,1 (x) for all

x € Ms. In this case w : C® — C?°, 74(Mj5)" is »-isomorphic to My, and @ is given
by

1 0 01 0101
01 0010 1O0
Q=(53 @2 @2 ¢1)=|0 0100 0 0 0
00 0 0 0 0 0O
00 0 0 0 0 0O

The bipartite graph of @ has 3 connected components (as @ has 3 nonzero rows)
and the permutation o € =g is determined from @ (or its graph):

(123456 78
7= \1 46 8 2 5 7 3)"

The commutant compression-indices are also read off from @Q: they are p; = 4,
p2 = 3, and p3 = 1. Direct computation shows that for b’ € My and h =15 h' €
7T4(M5)/7

h11 hi2 his h1a
h11 h12 h13
hi1
W hw — ha21 ha22 ha3 ha4
ha1 hao ha2
h31 ha2 h33 h3a
h31 h32 h33
ha1 hao ha3 hag
hi1 hia
ha1 haa

hs1 ... has
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From Lemma 3.1 it is evident that the range of the isometry w is faithful for
commutant 73 (A)’, and so we have the following immediate consequence: the map
¢ is an extreme point of Scr(A4). It is a consequence of Theorem 3.3 that ¢ is
actually C*-extreme in S¢r(A).

Definition. If ¢ : A — B(H) and ¢ : A — B(K) are unital completely positive
maps, then we say that 1 is a compression of ¢ if there is an isometry w : K — H
for which ¥ (z) = w*¢(z)w for all x € A.

Observe that if, in the definition above, ¢ is pure with Stinespring decomposition
@ = v*7mv, then v is also pure and of the form ¢ = a*ma, where a is an isometry
K — B(H,) whose range is included within the range of v (equivalently, aa* < vv*).
It is also easy to see that the sentence “i is unitarily equivalent to a compression
of ¢” is equivalent to “¢) is a compression of ¢.”

Lemma 3.2. Suppose that 7w is an irreducible representation of A on the Hilbert
space lQ(V) and that ny > ng > --- > ny are positive integers with v > ny. If
wi : A — M,, is a pure unital completely positive map for each i, and if p1 is a
compression of w, then each p;+1 is a compression of @; if and only if there exist
unitaries uw € M, and u; € My, such that p;(x) = u; Ty n, (W' T(x)w)u; for all i and
all x € A.

Proof. Suppose that ;11 is a compression of ¢; for all 1 < ¢ < n. Therefore
isometries w; : C™+1 — C™ exist and satisfy ;11 = w]p,w; for each i. As ¢; is a
compression of 7, there is an isometry v : C™ — [%(v) such that ¢; = v*mv. Let
u € M, be any unitary of the form u = [v x|; that is, u € M,, is any unitary whose
first nq columns are given by the n; columns of v. Hence ¢1(x) = 7y p, (u*m(z)u)
for every z € A. Starting with u; = 1,,, we construct the unitaries u;, € M,,
inductively. If u; has been constructed so as to satisfy ¢;(z) = w7, n, (W m(x)u)u;

for all x € A, then let u;41 = qf%mﬂuiwi. For every = € A,

ur+17-1/,ni+1 (’U’*ﬂ-(x)u) Ui+1 = wrurQni+1,n¢Q;,ni+1 (U*W(*T’)u)q%nﬁl q:i,nHl U;W;
= w;f u:q;,m (u*ﬂ—(x)u)qwnq: U;W;
= wiu Ty, (Wr(x)u)uw;
= wj pi(T)w;
= pir1(z) .
Conversely, if there exist unitaries u € M, u; € M,, such that for all ¢ and all
x € A we have p;(z) = Ty n, (W*n(z)u)u,, then we seek isometries w; : C"+t —
C™ that satisfy ;11 = wlew; for all i. It is easily verified that the isometries
Wi = U] Gn;,n,, Ui+1 have this property. O

Theorem 3.3. Suppose that A is a unital C*-algebra and that @, : A — M,, is
a pure unital completely positive map for each i = 1,2,....k. Let r = > . n; and
=01 ® Bk If pir1 is a compression of p; for each 1 < i < k, then ¢ is
a C*-extreme point of Scr(A). In particular the generalised state ¢ : M, — M,
given by © =Ty pny B Tppy @ -+ ® Ty, 15 a C*-extreme point of Scr(My,).

Proof. The hypotheses that ¢, is pure and ;41 is a compression of ; for each
1 <4 < k is to say that each ¢; has the form ¢; = v} wv;, where each v; : C* — H;
is an isometry and the projections v;v; satisfy viv} > viy1vi, 1 =1,..., k. Here,
7 is an irreducible representation of A on a Hilbert space H, = [?(v). By Lemma
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3.2, there exist unitaries u € M,, u; € M,, such that for all i and all x € A we
have ¢;(z) = ufr, pn, (u*n(x)u)u;. Hence ¢ is unitarily equivalent, via the unitary
S"% i, to the map

m(u*zu)
m(u*zu)
(1) x = w . w VxeA,
m(u*zu)
where w : C" — [2(v) ® C* is the isometry
qu,n,
Qu,ny
w =
Qu,ny

For simplicity, let us denote the map in (f) by ¢ once again. Likewise, we may
replace the irreducible representation 7 by the irreducible representation defined
by o(x) = w(u*zu) for x € A and then replace 7 by gx. Because the commutants
ox(A) and 7 (A)" are exactly the same, we simply denote this new representation
o by 7 once again.

Suppose now that ¢ = t*01t + s*01s, where 61,02 € Sc-(M,,) and s and ¢ are
invertible C*-convex coefficients. By passing to the polar decomposition of ¢ and
s and then by absorbing the unitary parts of these decompositions into #; and 65,
we may assume without loss of generality that ¢ and s are positive and invertible.
As thit < p = w*mpw, Arveson’s Radon-Nikodym Theorem has t01t = w*hmpw for
some unique positive contraction h € 7 (A)". Thus,

01 = (h/ 2wty m (B 2wt 1)
and h'/2wt~! is an isometry. To prove that ¢ is a C*-extreme point, we shall find
a unitary v € 7 (A)" and a unitary u € M, satisfying
(*) vw = h 2wt
The relation above leads to
© = wmw = v (W 2wt v* mo(h 2wt Hu

= u* (R 2wt ™) mpv o(h 2wt Hu

= u* (W 2wt ) *m (W 2wt u

=u"01u

and 61 ~ . Similarly, 8, ~ ¢, which proves that ¢ is a C*-extreme point. The
remainder of the proof is devoted to finding the unitaries v and v satisfying equation

().
It will be convenient to introduce a change of basis. Denote the standard or-
thonormal bases of C" and [?(v) ® C* by

BT:{glv"wa}a
B ={m @v1,m@¢1,...;m @2, m2 @2, ...;m @ Yi, N2 @y, ... } .

(Here, {n;}¥_; and {¢1,...,1x} are the standard orthonormal bases of [?(v) and
C*.) The representation of the operators w,h, and ¢ thus far has been with respect
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to the standard bases B, and B,;. Consider now the following orthonormal bases
(obtained from B, and B, by permuting the orderings):

B~T = {ga(l)v'-'vga(r)}v
Bor = {m @v1,m @ba, ..., @ Pk, m2 @1, ... 10 @ Pk, 3 @1, ...}

where o € =, is the permutation determined by ¢ as described in Lemma 3.1. Let
po € M, and z € M, ® My, be the (unitary) transition matrices from B, to B, and
from B, to l’;’l,k. With respect to the orthonormal bases BT and l’;’l,k, the isometry
h'/2wt1 is represented by the matrix

z_lhl/th_lpg ,
which in turn can be written as

z_lhl/sz_lwpgp,;lt_lpa )

where
h/
v h'
M=) "0n = .. € B(I*(v)® C*)
1g
a’Pz
2 twp, = ap, | € B(C",1*(v)®CF),
0 . 0
0 0
h'~—2
* 1/ -1
Pt pe = (@51 00)"2 €M, .
(ap, W ap,)"*
Here, k = p1 > p2 > --- > p, > 0 are the commutant compression-indices and

each a,; is the canonical k x p; isometry whose p; columns are given by the first
p;j standard orthonormal basis vectors of C¥. The rows of zeros at the bottom of
the matrix z~*wp, are v — p in number and appear only if u # v (which happens
most frequently). The product of z~*wp, and p; 't~ 1p, produces the matrix



1742 DOUGLAS R. FARENICK AND PHILLIP B. MORENZ

=3
(a;ﬁl h/apl )_%
0
(ay, h’ap“)_%
0
0
0 0
0 0

and therefore z='h!/222 " Ywp, p; 1t~ 1p, is

=3
(a;ﬁl h/apl )_%
0
W'z
1
h!z " (a’;uh’ap“)_%
h'z 0
0
0 0
0 0
bPl
bPz
= bPu ’
0 0
0 0
where

(a’ ha,,)~1/?
bp]. = h/1/2 ( Pj Op .

We now invoke Lemma 3.4 (stated and proved after the proof of the present the-
orem), whose results are as follows: each k x p; matrix b,, is an isometry into C*
and for every 1 < j < p there are unitaries u,;, € M), satisfying b,,u,, = ura,;.
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Thus,
1
w, U“Pz
Uk
v(z hwp,) = ap,
0 0
0 0
bPl
bﬂz
U,
_ bp“ Upy
0 0
. uPu
0 0
= (" 'wpy)u

where v € M, and v € m,(A)" are the unitaries (with respect to the orthonormal
bases B, and B,) given by

ug,

u = ) and v =

uPu
This completes the construction of the unitaries u € M, and v € 7,(A)’ satisfying
equation (k). O

Lemma 3.4. Let {ey,. ..,ek} denote the standard orthonormal basis of C*, and
for each 1 < i < k, let g; : C' — C* be the isometry g; = (eq,ea,...,e;). Suppose
that h € My, is a positive invertible contraction. Then

(1) h; = h2 <(gz hgz) 2 > is an isometry C* — CF ;
(2) there exist unitaries u; € My, for each 1 < i < n, such that hju; = hi+1ui+1‘mw

for each i.

Proof. A straightforward matrix computation shows that each h; is an isometry.
To prove that unitaries u; € M; exist with the claimed properties, we will con-
struct each unitary in sequence, beginning with u; = 1 € Mj. Suppose now that
such unitaries ui, ..., u,, have been found; we indicate below how to obtain w41
satisfying

hontm = h7n+1um-|-1‘mngm .
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The equation above is, in matricial form, simply

B ((gmhgm) 3 >Um — i ((gm+1hgm+l) 2 )Um-'—lrangm )

which is satisfied, because h is invertible, if and only if

“ b -1 < han -1
(T) <(gm ‘g ) ’ )um = <(gm+l ‘g +1) ’ )um"rlrangm ’

Now if (f) holds, then

D=

. -1
0) <(9mh9m) 2 ) Uy, = um_,_l‘mngm .

(1) ((g:n-i-lhgm"'l) 0

The left-hand side of () is a k£ x m matrix, which is easily seen to be, moreover, an
isometry. So let u,,+1 be any unitary matrix that has its first ¢ columns given by the
i columus on the left-hand side of (f). All that remains is to verify that () is satisfied
with the choice of u,,4+1. Well this is true because if p; € My is the canonical
projection with range rang;, 1 <i <k, then p; = g;g}; so we see that equation (I)

implies equation (1) by simply multiplying (1) by ((g;;lﬂhgm“) 3 0) to get (1).
Finally, observe that

Uk = hkuk = (hk_luk_l *) = (hk_guk_g * *) == (hlul * ook L. *) .

Thus, for every i the equation uig; = h;u; holds. (|

As an application of the construction in Theorem 3.3, we now prove an analogue,
for C*-convexity in generalised state spaces, of the usual Krein-Milman theorem.
We shall need the following fact, which is a direct consequence of Theorem 3.3: if
@ : A — M, is a pure unital completely positive map, and if ¢ is a pure state on
A of the form ¥(z) = (p(x)&, &) for some unit vector £ € C”, then ¢ @ 1y is a
C*-extreme point of Sga+r(A) for every positive integer k.

Theorem 3.5. For every unital C*-algebra A, the C*-convexr hull of the set of
C*-extreme points of Scr(A) is a dense subset, with respect to the bounded-weak-

topology, of Scr(A).

Proof. By the Krein-Milman theorem, Sg(A) is the BW-closure of the convex hull
of the extreme points of Sy (A). Thus, we need only represent every extreme point
as a C*-convex combination of C*-extreme points.

Assume that ¢ is an extreme point of Sg(A) and that ¢ = v*7v is a minimal
decomposition of ¢. If 7 is irreducible, then ¢ is pure and we are through; other-
wise, decompose 7 further so that it is a direct sum of irreducible representations
m; on Hilbert spaces K;. Using that H is finite-dimensional and that ¢ is an ex-
treme point, the number of representations 7; must be finite, by the Extreme Point
theorem. Thus, H is a finite direct sum of the spaces K;; the isometry v is a finite
sum of contractions v; = q;v, where g; is projection mapping H, onto the subspace
Kj; and ¢ itself is represented by the finite sum ), vim;v;.

In B(H), let a; = viv; and let p; be the projection mapping H onto the range

1
of the positive operator a;. Let b; be the positive contraction that acts as a; * on

the range of a; and as 0 on the kernel of a;. Thus, the range of b; is that of a; and
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pj, and bja;b; = p;. Select any pure state 6; on A that is a compression of the pure
generalised state b;v;m;v;b;. We now construct the following generalised state:

wj(x) = bjv;mj(w)vib; + 0;(x)(1 —p;), forall z€ A.

So wj, being the direct sum of a unital pure completely positive map and an inflation
of a pure state that is a compression of this map, is a C*-extreme point of Sy (A)
by Theorem 3.3. Finally, for every x € A,

1 1
o(x) = Zv;‘ﬂ'j(x)vj = Zajwj(a:)aj and Zaj =1,
J J J
which completes the proof. O

4. C*-EXTREMAL GENERALISED STATES ON MATRIX ALGEBRAS

An important special case in the theory of completely positive maps occurs with
maps between matrix algebras. In [5] M.-D. Choi obtained a useful and elegant
description of the extreme points in the generalised state spaces Scr(M,), and his
methods make no recourse to Arveson’s extreme point theorem. In this section
we shall determine all of the C*-extreme points of Scr(M,). It is interesting to
note that our methods, in contrast to Choi’s, rely quite extensively on Arveson’s
approach to extreme points (in that the Radon-Nikodym Theorem is one of the
main constituents in the proof of Theorem 3.3).

Theorem 4.1. A unital completely positive map ¢ : M, — M, is a C*-extreme
point of Scr (M,,) if and only if there exist positive integers ny > ng > « -+ > ny, with
n > ny and Zi n; = r, and pure unital completely positive maps ; : My, — My,
such that

(1) @it1 is a compression of @; for each 1 <1i <k, and

(2) @ is unitarily equivalent to the direct sum ZZ@ O

Proof. The sufficiency of the hypotheses is proved by Theorem 3.3; in this case we
note that every irreducible representation 7 of M, is unitarily equivalent to the
identity map. We now prove that the stated conditions are necessary in order for ¢
to be a C*-extreme point. From Theorem 2.1 one knows that ¢ ~ ZZ@ @; for some
sequence of pure generalised states ¢; : M,, — M,,, with n > n; and ZZ n;=r. In
fact we may reduce the proof to the case where k = 2 for the following reason: ¢
is a C*-extreme point only if ¢; @ ;11 is a C*-extreme point of Sgn;+n;iy (My,) for
each 1 < i < k. So in the case k = 2, we argue below that ¢ @ @9 is a C*-extreme
point of Scr(M,,) only when ¢ is a compression of ¢1.

Assume, on the contrary, that ¢9 is not a compression of ;. We shall prove that
this assumption leads to a contradiction of the fact that ¢ = 1@ 2 is a C*-extreme
point of Scr (M, ), where r = nq +na. Let v; : C* — C™ be isometric and such that
p(x) = vizvy @ vixve for every x € M,,. We now consider new orthonormal bases
of C", C™, and C"2. Let E; be an orthonormal basis for v;(C™) Nwe(C™2). (We
allow for the possibility that v (C™) Nwy(C™2) is {0}; this causes no difficulties.)
Extend E; by Es so that Ey U Es is an orthonormal basis for v1(C™). Finally,
extend E1 U Es by E3 to obtain an orthonormal basis £ = E; U E5 U E3 for C™.
In C™, let F} = vl_l(El), = vl_l(Ez), and F' = I U F5, an orthonormal basis.
In C"2, let Gy = vy '(F1) and extend this by G to a basis G. Note that Gy # ¢
because 9 is not a compression of ;.
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With respect to the bases E = (E1, Ea, E3) for C" and (F,G) = (F1, F, G1,G2)
of C" = C™ @ C"2, we find that the isometries have the representations

1 000 001 0
vp=|0 1 0 0f, w=|00 0 q],
0000 00 0 g

where ¢} ¢1 +¢3g2 = 1 and where ¢ is one-to-one (because v2(G2) Ny (F) is empty).
Thus 1 — ¢iq1 = g5q2 is invertible, and hence so are

1 1
Ql = 1 1 N and Q2 = 1 1 —n e M,.
qi 1 —qi 1
Let
1 01 O 1 0 -1 O
wy=[0 1 0 ¢ and we=1(0 1 0 q],
0 0 0 g 00 0 g

and let () = (Q7 * /vV2)(w} (wy + wi(-)w2)(Q] ? /v/2). Similarly, let

1 1 0 1 0 -1 0
wg = |0 0 —q and wgy=(0 1 0 —q],
0 0 —¢ 00 0 —¢

0

1

0

and let ¥() = (Q5 7 /v/2) (w5 (Yws + w} ()ws)(Q5 ? /V/2),
Now 1/)1, 1/)2 S S@r(Mn), and

o) = (QF V2 ¥a ()(QF /V2) + (QF /V2)"s()(QF /V2)

1
expresses ¢ as a proper C*-convex combination of 1 and 15 (because Q7 / V2 and
1
Q3 /V/2 are invertible and (Q1 + Q2)/2 = 1). Since ¢ is C*-extreme, we must have

0 0 0
@ ~ 11 ~ 1Pa. We can see that this fails, however, by choosingz = |0 0 a | #
0 00
0 € M,. Thus ¢ cannot be C*-extreme and this contradiction completes the
proof. O

A Markov map on M, is a trace preserving unital completely positive map
M,, — M,,. Markov maps have been studied recently in [3] and [11]. The results of
these papers demonstrate that there are many (nonequivalent) Markov maps that
are extreme points of Scn(M,,). However, by Theorem 4.1, a Markov map ¢ is a
C*-extreme point of Sgn (M,,) if and only if ¢ is unitarily equivalent to the identity
map on M.

5. REMARKS

This paper represents a natural continuation of our study of C*-convex sets in
matrix algebras [7], [8], [14]. One reason for considering C*-convexity and complete
positivity together is that the operation of forming C*-convex combinations in a
C*-algebra is a completely positive operation. Our use here of noncommutative
convexity in describing properties of spaces of completely positive maps is somewhat
related to the earlier works [9] and [15]. In [15], Smith and Ward describe the faces
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of S (A) in the cases where H has finite dimension. Their result, briefly, is that all
faces of Scn (A) are determined, not necessarily uniquely, by projections in A” ® M,
where A” denotes the enveloping von Neumann algebra of A; the faces F' of Scn (A)
that are C*-convex are in a one-to-one correspondence with the projections of
A" (and the faces of S(A4)). However from the point of view of noncommutative
convexity, the “C*-convex faces” of [15] are a hybrid of two different notions: they
are faces in the usual sense and convex in the general sense (i.e. C*-convex). In
independent works, Fujimoto and the second author have introduced notions of a
face for noncommutative convexity. The idea of [14] is more aptly suited to the
theme of the present paper, for it is based on C*-convexity rather than Fujimoto’s
C P-convexity, which is different. Following [14], a C*-face F of Sg(A) is a subset
having the property that if ¢ € F and if ¢ is expressed as a proper C*-convex
combination of ¢; € Sy(A), then necessarily each ¢; € F. Although C*-faces
need not be convex (so they are not true faces), they do lend themselves well to
standard arguments based on Zorn’s Lemma, as in [14]. The C*-faces of Sy (A)
have not yet been seriously studied. Through personal correspondence, we have
learned from I. Fujimoto of his notions of extreme point and faces in the context
of C'P-convexity. These notions are substantially different from the corresponding
ones in C*-convexity. Indeed, the main results of the present paper appear to
have no analogue in Fujimoto’s program of C P-convexity for at least one reason:
the (usually large) dimensions of the Hilbert spaces required by C P-convexity are
dictated by the particular C*-algebra A at hand, whereas in our work here we allow
the Hilbert spaces to have arbitrary dimension (often small). More recently, Effros
and Winkler [6] have put forth some very interesting ideas concerning a quantization
of the geometric form of the classical Hahn-Banach extension theorem. In [6], the
generalised state spaces Scr(M,,) appear as a matrix-convex system.

In another direction, Tsui [18] has studied how well Kadison’s characterisation
of pure states extends to more general settings. Recall that the left-kernel of a
completely positive map ¢ is the set L, = {x € A: ¢(z*z) = 0}. If ¢ is a state on
A, then Kadison showed that ¢ is pure if and only if the kernel of ¢ is L, + L.
Tsui has proved the following.

Theorem (Tsui [18, 2.2]). If H has finite dimension and if ¢ € Suy(A) is pure,
then Ly, + Lg, = kerp. The converse is false.

From the results in this paper, we see that, in case H is finite-dimensional and
A = M, that Kadison’s left kernel property is satisfied by every C*-extreme point.
In fact, even when A is arbitrary, all the C*-extreme points we have found so far also
satisfy this property. The obvious question, then, is whether this characterises the
set of C*-extreme points. The answer is no: with the non-C*-extreme generalised
state ¢ : M,, — M, defined by ¢(z) = idiag(z) + 2z, one has that kerp = L, =

{0}.
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